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Abstract


Cox proportional hazards model has been used to analyze a cancer dataset under two partial likelihood frameworks. Frailty term is also introduced into the model to determine if there exists any unobserved heterogeneity in the data that could possibly relax the restrictive independent and identical distribution assumption due to the data. 
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1. Introduction
Survival time refers to the length of time t, that corresponds to the time period from a well defined start-time to until the occurrence of some particular event or end-point tc. In biomedical research, event could be death, remission from a disease, occurrence of an epileptic seizure etc. 

An aspect of analysis of survival time data that has gained popularity, especially in medical research is assessing the relationship between survival time and some biological, socio-economic and demographic characteristics that could possibly affect the survival status of patients. Due to censoring, standard linear regression methods are not feasible in modeling such relationship. Right censoring occurs when the actual time a subject experiences the event of interest is not known. One popular regression model formulation that is often used in survival analysis is the Cox (1972) proportional hazards model. The model utilizes the hazard function h(t), also known as the hazard rate or force of mortality and it is defined as the probability of experiencing event of failure in the infinitesimally small interval (t, t+Δt), given that such an event has not been experienced prior to t. It is expressed as
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In medical research, assumption of independent and identical distribution is often made regarding survival data of different patients, which in most practical situations are not plausible because patients differ substantially in characteristics and thus the effects of covariates differ greatly among them. Such differences could be accounted for by introducing a random effect into the models. Such random effect is referred to as “frailty” in survival analysis. In its simplest form, frailty is an unobserved heterogeneity that modifies the hazard function of an individual. Thus fitting a standard Cox proportional hazard model without consideration for the unobserved heterogeneity may possibly produce biased results. The most commonly applied frailty distribution is the gamma distribution. This has been widely applied by some authors such as Clayton (1978), Vaupel et al (1979), Yashin & Iachine (1995), Hougaard (2000), Wienke et al (2001,2003), Wienke (2003). Preference of gamma distribution for frailty over other distributions (Wienke et al, 2003), is due to the simplicity of the Laplace transform, which allows for the use of the traditional maximum likelihood procedures for parameter estimation. 


According to literature, cancer is characterized by excessive, uncontrolled growth of abnormal cells that invade and destroy other tissues. Cancer at individual level can be regarded as a human tragedy whereas at the level of society, they are major diseases causing notable amount of health hazards. Literature has also shown that people of all ages develop cancer, though most types are more common in the people of over 50 years and also more among males than females. However, certain types of cancers may necessarily be found more among the higher school and the working class ages. Such cancers include those caused by prolonged exposure to carcinogenic chemicals, biological or physical agents; exposure to electromagnetic radiations; industrial chemicals such as benzene asbestos, vinyl chloride in which case such cancers could be more in this age range possibly due to their exposure to some laboratory chemicals or their involvement in various factory activities.  In section 2, we discuss the formulation of Cox proportional model and the parameter estimation under the Breslow (1974) and Efron (1977) partial likelihood frameworks. Section 3 gives the analysis of a dataset on cancer within the context of the formulated model. In section 4, we present the results of the analysis. Conclusions from the study are given in section 5.    

2.
Cox Proportional Hazards Model Formulation

 Model Specification


Suppose that the data collected on n subjects are denoted by
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, where ti is time to failure of the ith subject, δi is the censoring indicator such that for the ith subject, δi =1 if a subject is observed to fail and δi = 0 if the time is right censored (i.e we observe some value c with the knowledge that ti > c) and Zi is a p- dimensional vector of covariates. Cox’s (1972) model assumes that the hazard function for the ith subject with covariate value Zi has the form 
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where 
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 is an arbitrary baseline hazard function and β is a p- vector of unknown regression coefficients. Model (2.1) is semi-parametric because the dependence function
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) is modeled explicitly but no specific probability distribution is assumed for the survival times. Thus β is only estimable through the partial likelihood estimation procedure.

Estimation of Parameters

Suppose that of the n subjects in the study, r of them are observed to fail while the remaining n-r are right-censored. Let t(1) < . . . < t(r) be ordered failure times and Z(i) be the vector of covariates associated with the individual whose survival time is t(i). Define R(t(i)), the risk set at t(i) as the set of all individuals who are still under study at the time just prior to t(i), then the probability that the individual with covariate Z(i) dies at t(i) given that one person from R(t(i)) dies at t(i)  is 
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which from (2.1), is
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          (2.3)

Cox (1972), on the assumption of no tied events, gave the partial likelihood function as 
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and the log partial likelihood as
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Often, ties occur in continuous survival data that are collected in days, weeks and months. When there are only a few ties, Breslow (1974) provided an approximation to (2.4) as 
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where R(t(i)) and t(i) are as earlier defined, D(t(i)) is the set of individual failing at t(i) and di is the number of failures occurring at t(i).

The log likelihood of (2.6) is 
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Efron (1977) also derived likelihood that is an improvement over (2.6) as 
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with log likelihood 
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The maximum partial likelihood estimators 
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can be obtained for (2.7) and (2.9) from the solution of the estimating equation involving the score statistics 
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and the information matrix can be obtained from 
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Using (2.10) and (2.11), 
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 can be obtained by solving the iterative equation




[image: image19.wmf])

ˆ

(

)

ˆ

(

ˆ

ˆ

)

m

m

m

m

U

b

b

b

b

1

1

-

+

I

+

=

                                                                     (2.12)

where the superscript (m) indicates the mth approximation.

Gamma Frailty 


In the context of proportional hazard model, the non-negative frailty V is assumed to act multiplicatively on hazard function
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λ(ti│Zi,Vi) = 
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where Vi has independent and identical distribution given by
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in which case E(Vi) = 1 and Var(Vi) = 
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Hendersen & Oman (1999) observed that estimates of the covariates effects β are all increased when frailty is included.


The presence of unobserved heterogeneity in the data is concluded if
[image: image24.wmf]q

 is significantly different from 0. Some Statistical packages such as SAS and SPLUS have in-built facilities for parameter estimation for Breslow, Efron and the Frailty models. 

Relative Risk
[image: image25.wmf]

From the survival analysis context, the relative risk (RR) for ith individual with covariate value Zi having an event versus baseline is expressed as 
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Thus for two individuals with covariate values Zi and Zj, the relative risk of individual i versus individual j is 
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3. Analysis of Cancer Data

In this section, we analyze the time between admission and death of 232 cancer patients who were admitted at the University of Ilorin Teaching Hospital (UILTH). Time from diagnosis of the disease to death defines the failure time while those whose records read “alive “were right-censored because such patients had not died as at the time of the study. 

About 30% of the patients were censored, which on the average, is an indication that hospital admissions of patients would possibly result in eventual death due to cancer.

Two covariates, sex and age at the time of diagnosis were considered. Sex was coded 1 for male and 0 for female patients. Age was coded into four groups: < 23 years =1, 23-39 years = 2, 40-55 years = 3 and > 55 years = 4. The median times of hospital admission before death are computed for male and female patients and for the four age groups. The log-rank statistic, which is a Chi-square type statistic, is also computed to test the equality of survivals between male and female patients and among the age groups. Analyses are also carried out using (2.1) and (2.13) within the framework of (2.6) and (2.8). All analyses have been done using SPLUS (2000) and the results are presented in section 4.

    4.   Results    


Table 1 shows the median times from hospital admission to time of death for male and female patients as well as for the four age groups. These are 21 and 28 days for male and female patients respectively, meaning that 50% of male and female patients would possibly survive longer than 21 and 28 days respectively before their eventual deaths. The log-rank test statistic 
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 is an indication of significant difference between times for male and female patients.

Table 1: Median Times of Hospital admission (in days) for each Sex and Age Groups

     






   For sex

Male     = 21

Female  = 28

Chisq.   =  8.2 (p = 0.004)






For Age Group







              
   <23 years = 23

23-39 years = 25

40-55 years = 21

   




   >55 years = 22


 Chisq.  = 36.3 (p < 0.001)



Patients under the age of 40 years show significantly higher median length of survival than those in higher age groups (log- rank test statistic,
[image: image29.wmf]2

c

= 36.3,  (p < 0.001).


From table 2, both Breslow and Efron partial likelihoods produce significant models for the cancer data with LR tests 12.0 (p=0.017) and 12.5 (p=0.014) respectively.  Their respective estimated relative risks for male versus female cancer patients are 1.61 and 1.62, meaning that the risk of dying from cancer by male patients are 1.61 and 1.62 times that of female for using Breslow and Efron likelihoods respectively.

For age groups, the risk of dying from cancer for patients in age groups 23-39 years, 40-55 years and >55 years relative to the baseline age group (<23 years) are 1.21, 1.32 and 1.57 respectively under the Breslow partial likelihood specification. Similar results are obtained from Efron partial likelihood specification.

Table 2: Summary of Cox Proportional Hazards Model using Breslow and Efron partial likelihoods.

      Breslow    
    
                               Efron    


          Estimated         p         95% C.I         
       Estimated         p         95% C.I


          relative risk                                       
      relative risk     

Sex        1.61         0.004     1.164   2.230         
1.62         0.003       1.173   2.240

Age

            23-39    1.21         0.410     0.770   1.890         
1.21         0.400       0.773   1.900

40-55    1.32         0.190     0.870   2.000         
1.33         0.180       0.879   2.020

   >55    1.57         0.054     0.992   2.490         
1.59         0.049       1.002   2.520

  LR statistic         12.0 (p = 0.017)                                       12.5 (p = 0.014)                                    

Table 3: Summary of Cox Proportional Hazards Model with Frailty using Breslow and Efron partial likelihood frameworks.

      Breslow    
    
                                  Efron    


           Estimated         p         95% C.I       

Estimated         p         95% C.I


          relative risk                                       
        relative risk     

Sex
   1.63        0.005   1.160    2.230      

1.64            0.004     1.169   2.230

Age

23-39      1.38       0.220    0.827   2.290       

1.39           0.200      0.834   2.330

40-55      1.61       0.076    0.952   2.730       

1.67           0.062      0.975   2.850

   >55      1.89       0.021    1.103   3.250       

1.95           0.017      1.128   3.370

        θ = 0.118 (p = 0.067)           


     0.13 (p = 0.052) 

        LR test = 46.6 (p = 0.002)                                        49.8 (p = 0.001)                                    


The model with frailty (Table 3), both Breslow and Efron are also adequate for the data with LR tests 46.6 (p=0.002) and 49.8 (p=0.001) respectively.  The patterns of relative risks are similar to that from model without frailty though the relative risks are higher with frailty. This confirms the observation of Hendersen & Oman (1999) that estimates of the covariates effects β are increased when frailty is included in the model. However, the result does not show evidence of a significant unobserved heterogeneity in the data. The variance of the frailty (() is 0.118 (p = 0.067) and 0.130 (p=0.062) for Breslow and Efron respectively, from which the hypothesis of no unobserved heterogeneity (( = 0) is sustained under the two settings.

   5.     Conclusion
Considering the times between Hospital admission and death for the cancer data, female cancer patients are seen to have a higher survival than their male counterparts and also significant differences exist among the age groups with respect to their survivals.

The relative risk (hazard ratio) of male versus female (baseline) is greater than one (1) implying higher risk of dying from cancer by male than female patients. For age groups, the risk of dying from cancer increases progressively with age with greater increase when frailty is included in the model. However, there does not seem to be any evidence of unobserved heterogeneity, which could have invalidated the assumptions of independent and identical distribution for different patients regarding the cancer data under study.
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